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Abstract—The determination of an equivalent circuit to ap-
proximate the behavior of an interconnect in a computer pack-
age is an important step in the performance evaluation of a
computer. Equivalent circuits allow the analysis of a complete
interconnect path in a circuit simulator where a full-wave anal-
ysis tool would require more memory or computer time than in
currently available. Two important components of an intercon-
nect in a computer package are uniform transmission lines, such
as a microstrip line or a stripline, and a discontinuity in the
interconnect, such as via between two transmission lines. This
paper presents a methodology for deriving a frequency-de-
pendent description of coupled transmission lines and equiva-
lent circuit of a via using time-domain full-wave solutions of
Maxwell’s equations.

1 INTRODUCTION

HE DESIGN of present day digital computers re-
quires the electrical characterization of the intercon-
nection circuits that exist in the computer package to en-
sure reliable and predictable performance of the computer.
Accurate timing analysis of the electrical signals and ac-
curate determination of the minimum logic levels at a re-
ceiver are two important parameters that need to be de-
termined when designing the computer. Discontinuities
along the interconnect path introduce a time delay and
cause reflections that affect the signal delay and the tran-
sient logic levels of a digital circuit, possibly causing er-
roneous behavior of the computer [1].
Portions of a computer package interconnect may have
a uniform cross-section transverse to the direction of
propagation such as a microstrip line or a stripline. The
transmission line parameters to be determined are the fre-
quency-dependent inductance and capacitance matrices or,
equivalently, the frequency-dependent modal impedances
and propagation delays of the uniform transmission lines.
A methodology for determining the frequency-dependent
parameters of a transmission lines is illustrated by using
the finite difference time domain (FDTD) method [2] to
analyze a microstrip line and a coupled microstrip line.
Once the transmission line parameters are determined, the
uniform portions of the interconnects may be modeled in
transmission line simulators such as the one described by
Blazeck and Mittra [3] or transmission line models in-
cluded in SPICE or ASTAP.
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When a uniform transmission line is interrupted, a re-
flection occurs and additional delay is introduced. This
interruption is referred to as a discontinuity in the inter-
connect path. The discontinuity is most easily modeled in
a circuit simulator using a lumped circuit model consist-
ing of inductance, capacitance, and resistance. This paper
investigates the reflection from a via in a interconnect path
and presents a methodology for determining an equivalent
circuit that may be included with the transmission line
models in the circuit simulators. Two via geometries are
presented: a rectangular via passing through a pair of
ground planes, and a cylindrical via passing through a hole
in a ground plane coated on both sides by a dielectric slab.
The rectangular via is analyzed using two time-domain
electromagnetic field algorithms: finite difference time
domain (FDTD) [2] and transmission line matrix (TLM)
[4]. The cylindrical via is analyzed using a nonorthogonal
FDTD technique [S5], [6]. The electromagnetic wave-
forms obtained using these solvers are used to determine
the scattering parameters of the vias from which equiva-
lent circuits are derived.

The use of FDTD or TLM provides a full-wave anal-
ysis tool for determining the electromagnetic field behav-
ior of the interconnect components. The FDTD and TLLM
algorithms allow the modeling of arbitrarily shaped ma-
terial regions which compose an interconnect path since
the computational space is discretized into cells where the
material properties of each cell can be specified. Time-
domain analysis allows the efficient determination of fre-
quency-dependent parameters through the use of the
Fourier transform.

The equivalent circuit allows the designer to approxi-
mate the behavior of the discontinuity in a circuit simu-
lator where complex transmission line circuits with non-
linear terminations can be included. An interconnect with
numerous path discontinuities and distributed nonlinear
loads can be analyzed in a general circuit simulator.

II. UNniForRM TRANSMISSION LINES

A uniform transmission line refers to a constant cross-
section guided-wave structure such as a microstrip line or
stripline. The materials that comprise the cross-section
need not be homogencous or constant along the two-di-
mensional cross-section, but the cross-section must be the
same at any point along the line. In this environment, the
propagation delay and the impedance will be functions of
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frequency. This section describes a systematic and accu-
rate method of determining these frequency-dependent
parameters using the FDTD algorithm.

A. Approach

Zhang et al. [7] have discussed the effect of the imper-
fectly absorbing boundaries on the calculation of the
transmission line impedance and propagation constant due
to the sensitivity of the Fourier transform results to re-
flections from the boundaries. Several methods for reduc-
ing the undesired reflection have been presented. In [7],
Zhang et al. solved the problem by running the FDTD
solver twice, once terminating the FDTD mesh with mag-
netic walls, and once with electric walls, and averaging
the results. Zhang and Mei [8] implemented an absorbing
boundary condition which provided local cancellation of
the leading order errors to minimize the unwanted reflec-
tion. Moore and Ling [9] studied a shielded microstrip
bend where the structure length was extended as the
FDTD simulation progressed so the non-zero electric and
magnetic fields would not reach the FDTD mesh bound-
aries. Bi et al. [10] proposed using a dispersive boundary
condition which reduces the reflection by absorbing waves
composed of multiple phase velocities.

The methodology followed for this paper is to acknowl-
edge the terminating boundary has some reflection and
factor that into the analysis. The portion of the wave re-
flected from the end of the transmission line is treated as
an unknown and determined explicitly. Note that this ac-
counts for the reflection from the far wall of a transmis-
sion line system, but does not account for the reflection
from the side walls or top cover if an imperfectly absorb-
ing boundaries are used there.

The starting point is to assume the voltages and cur-
rents on the transmission line simulated by the FDTD al-
gorithm are the superposition of two traveling steady-state
sine waves, a forward wave due to the excitation source
and a backward wave from the terminating boundary. As-
suming the second reflection from the source boundary is
negligible, the voltage and current variation along the line
is described by the equation

f@ k) = R[Ae™ e T (1 + Te )] (1)

where the amplitude of the incident wave, A. and the re-
flection coefficient, I', are complex unknowns, and the
propagation constant, 3, is a real unknown when a loss-
less transmission line is considered. The R{-] operator
takes the real part of the expression. The variable, k, is
the time stepping index from FDTD and Ar is the time
between time steps k and & + 1. The impedance of the
transmission line is determined from the ratio of the am-
plitudes of the incident voltage and current waveforms

Avoltage

A

Zy(w) = . @

current
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and the effective dielectric constant is determined from
the propagation constant as

2
Ereff(w) = <&> (3)

where c is the speed of light in air.

This problem is similar to a slotied transmission line
problem with fixed measurement points. However, in a
slotted line measurement, only the power at each mea-
surement point is known. Here, the time record is known
so it is possible to determine the five unknowns from one
analysis. By multiplying both sides of (1) by sin (wf) drf
and integrating over the time duration of the FDTD run
and then multiplying both sides by cos (w?) dt and inte-
grating over the same time duration, two independent, real
equations for each measurement point are generated. Since
there are two real equations for each measurement point
and a total of five real unknowns, at least three measure-
ment points must be chosen to obtain five independent
equations. If more than three points are chosen, the prob-
Iem is formed into a matrix equation and solved by a least
squares procedure.

Although (1) is written in time-harmonic form, the
FDTD simulation is performed using a source composed
of a band of frequencies. The characteristic impedance
and effective dielectric constant are calculated over the
desired frequency range by first post-processing the FDTD
waveforms to obtain the amplitude and phase information
for each frequency at each measurement point. The de-
tails of this analysis are shown in the Appendix.

The terminating wall does not need to be an absorbing
boundary. This procedure will work with any termination
as long as the termination can be described by a lumped
parameter model, a single mode exists on the transmission
line, and the reflection from the wall at the source end can
be neglected.

. B. Transmission Line Results

To test this algorithm, the impedance and effective di-
electric constant obtained with this method are compared
to the results presented by Zhang et al. {7]. The micro-
strip is modeled as outlined in [7]: the strip is 0.15 mm
wide and 0.1 mm above the reference plane on a substrate
with a relative dielectric constant of 13. A 30 X 55 X
160 cell FDTD mesh with a cell size of A = 0.0125 mm
in each direction fills the spatial domain and the fields are
calculated with a time step of 0.57 /1 /¢ seconds where ¢
is the speed of light in free space. The FDTD mesh is
terminated by the first-order Mur absorbing boundary
condition {11].

The .electric field orthogonal to the direction of propa-
gation is excited over the cross-section of the microstrip
line at the source end of the microstrip with an amplitude
at each electric field point in the cross-section correspond-
ing to the quasi-static electric field of the microstrip line.
A Gaussian pulse 250 time steps wide at the five percent
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Fig. 1. The effective dielectric constant as a function of frequency for a
microstrip line which was also analyzed using FDTD by Zhang er al. [7].
The effective dielectric constant calculated using an empirical formula from
Pramanick and Bhartia [12] is shown for reference.

’

points of the peak amplitude of the pulse is used for the
source. Eight measurement points are chosen for moni-
toring the voltages and currents on the line: from z = 45

hto 150 A in 15 h increments. The least squares procedure -

outlined in the Appendix is then applied to determine the
impedance and propagation characteristics of the micro-
strip line. - )

The effective dielectric constant is shown graphically
in Fig. 1 along with the result obtained using an empirical
formula from Pramanick and Bhartia [7 (Fig. 5), 12] for

frequencies between 25 and 200 GHz. The characteristic

impedance is shown in Fig. 2 and compared to the an
empirical formula from Bianco et al. [7 (Fig. 6), 13]. For
the impedance calculation, the voltage is defined as the
. averaged line integral of the vertical electric field under
the whole strip as was done in [7]. The effective dielectric
constant and characteristic impedance of Figs. 1 and 2
compare very closely with the FDTD results published in
[7]. : v
In many computer package applications the transmis-
sion lines are placed closely enough to each other to sig-
nificantly impact signal propagation. As an example, con-
sider the shielded coupled microstrip line shown in
Fig. 3. A pair of strips are place on a substrate 0.25 mm
thick with a relative dielectric constant of 4.5. The strips
have a width of 0.30 mm and a thickness of 0.05 mm,
“and are separated by 0.30 mm. The side walls and top
cover are modeled as perfectly conducting walls forming
‘a box that is 4.0 by 1.2 mm in cross-section. The even
and odd mode impedances are determined by using the
symmetry of the problem and solving the problem twice:
once with a electric wall midway between the strips for
the odd mode and once with a magnetic wall between the
strips for the even mode.

A Gaussian pulse is used for the source, and six mea-

surement points each placed 1.5 mm apart are chosen.
The effective relative dielectric constants obtained using
the fitting procedure are shown over the frequency range
of 5 to 25 GHz in Fig. 4 for the even and odd mode. The
relative dielectric constant of an isolated single strip is

also plotted in Fig. 4 for reference. The single line and -
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Fig. 2. The characteristic impedance of a microstrip line which was also
analyzed in FDTD by Zhang er al. [7]. The characteristic impedance cal-
culated using an empirical formula from Bianco et al. [13] is shown for
reference. )
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Fig. 3. The coupled microstrip line. The strips are 0.05 by 0.3 mm and
separated by 0.3 mm, the dielectric slab is 0.25 mm thick and has a relative
dielectric constant ¢,, of 4.5.
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Fig. 4. The effective dielectric constant for the coupled microstrip line of
Fig. 3. The effective dielectric constants for the even mode, odd mode, and
a single line are shown. ' '

even and odd mode impedances are shown in Fig. 5. As
can be seen in Figs. 4 and 5, the even mode exhibits a

greater frequency dependence than the odd mode or single . -

line. :

As will be scen in the next section, the transmission
lines presented above are also useful for analyzing inter-
connects with discontinuities, e.g. a via. It may also:be
worthwhile to mention that the method presented herein
is applicable to a general transmission line configuration
which can be arbitrarily inhomogeneous. /

b
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Fig. 5. The characteristic impedance of the coupled microstrip line of Fig.

3. The characteristic impedance for the even mode, odd mode, and a single
line are shown.

III. THE Via

A via, the portion of an interconnect providing a elec-
trical path between uniform transmission lines on two lev-
els of a package, is a discontinuity on an interconnect
path. Two vias are analyzed using FDTD or TLM and an
equivalent circuit consisting of inductance and capaci-
tances is obtained for each. The first via is one which fits
a rectangular grid and connects a stripline on one level
and passes through two ground planes to a stripline on
another level. The second is a cylindrical via which con-
nects a microstrip on one side of a dielectric coated ground
plane to a microstrip on the other side.

A. Approach

The first step in determining the equivalent circuit pa-
rameters for the via is to employ a time-domain Maxwell
solver, e.g., TLM or FDTD, using a Gaussian pulse ex-
citation to obtain the total voltage and current waveforms
at the input and output ports from which the scattering
parameters are determined. The voltage is determined by
integrating the vertical electric field from the strip to the
adjacent grounded conductor. The transmission line cur-
rent is determined by performing a closed line integral of
the magnetic field around the strip. The path of the line
integral forms a rectangle whose edges coincide with the
magnetic field components parallel to the strip one-half
cell distance away.

The TEM mode of the stripline is excited near the input
port using a spatial distribution of the electric field deter-
mined by the solution of Laplace’s equation on a finite-
difference grid. As outlined below, the calculation of the
scattering parameters requires the knowledge of the inci-
dent field which is easily determined by exciting a uni-
form stripline.

The time-domain solver is run for the via structure to
obtain the total voltage and-current at the input and output
ports. The scattering parameters are then determined by a
DTFT (discrete-time Fourier transform, denoted below by
the [+ ] operator) of the current or voltage waveforms,

N-1

F@ = SLA0] = 2 fke™ )
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where f, (k) is the time series output of the current or volt-
age at port /(i = | (input) or 2 (output)) and F;(w) is the
Fourier transtorm of f; (k). The frequency-dependent scat-
tering parameters are then calculated by

Fren (@)

Siiw) = 7 < )
F

S1(@) = 1k ©

where F, (w) is the transform of the incident voltage or
current as computed using (4), and F,.q4(w) is the Fourier
transform of the reflected waveform given by

Fea(w) = FLAK — finc(®)]. (7

Once the scattering parameters for the via are deter-
mined, an equivalent circuit model may be obtained by
using TouchStone [14]. TouchStone has an optimizing
feature that allows the elements of a given circuit to be
fitted to a set of given scattering parameters.

To complete the analysis, the circuit model is analyzed
by the time domain circuit simulator, Multiple Transmis-
sion Line Time Domain Analysis (MTLTDA), which is
described by Blazeck and Mittra [3]. MTLTDA is a cir-
cuit simulator that allows multiple lossy transmission lines
with frequency-dependent inductance and capacitance
matrices and nonlinear terminations. For these via struc-
tures, however, only a single lossless transmission line
with linear discrete elements is needed.

B. Rectangular Via Results

The via chosen for analysis is shown in Fig. 6. The
stripline cross-section measures 0.25 millimeters by 1.25
millimeters and the ground planes are placed so the
impedance of the stripline is approximately 50 ohms. The
via has a rectangular cross section of 0.50 millimeters by
0.75 millimeters which fits the rectangular grid used in
the time-domain analysis. The fields on the walls at the
input and output ports are determined using the first order
Mur absorbing boundary condition.

The FDTD and TLM mesh is comprised of cells 0.250
millimeters (k) on a side, and a time step (A7) of 0.417 ps
(At = h/2c) where c is the speed of light in free space.
The temporal variation of the excitation pulse is a Gauss-
ian distribution with a width of 60 time steps (25 ps). This
pulse has a 3 dB cutoff frequency of approximately
20 GHz. The voltages and currents are monitored at the
input and output ports which are thirty cells (7.5 mm) from
the center of the via.

After the time-domain solvers are run, the time varia-
tion of the voltages and currents at the input and output
ports are available. The time-domain voltage waveforms
from the TLM analysis at the input and output port are
shown in Fig. 7. The scattering parameters are then cal-
culated as outlined in the previous section. The magni-
tudes of the scattering parameters, §;;(w) and S,; (w), are
shown in Fig. 8 for frequencies up to 20 GHz as calcu-
lated using the voltage waveforms from TLM and FDTD.
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Fig. 6. The rectangular via connecting two striplines on different levels in

a multilayer circuit board configuration. The striplines are 0.25 mm-by
1.25 mm, the via is 0.5 by 0.75 mm, and the ground planes are separated
from the via by 0.25 mm. . )

e Input Port

4 = =

.- '
3 ! \‘ = = =Qutput Port B
2 - \ -

Volts

(AR ERERNEENEEENERN RN ]

IEEUEEREP !

0 40 80 120 160 200
Time (ps) )

Fig. 7. The first 200 ps of the time-domain TLM voltage waveform of the
"+ rectangular via at the input and output ports.
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Fig. 8. The magnitude of the rectangﬁlar via scattering parameters. The

scattering parameters of the equivalent circuit (Fig. 9) are shown along
~ with those determined by FDTD and TLM.

The circuit model shown in Fig. 9 represents the via
structure of Fig. 6. Note that the striplines have been
modeled as ideal transmission lines; the stripline to via

transition regions have been represented by a lumped

II-circuit consisting of C;, C, and L; and the via portion

between the middle two planes has been modeled by L,.
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Fig. 9. The equivalent circuit chosen to represent the rectangular via dis-
continuity. The transmission lines represents the stripline portions and the
inductors and capacitors represent various parts of the via. The element
values are Z, = 48.5, C; = 0.119pF, C; = 0.075 pF, L, = 0.470 nH, L,
= (0.062 nH as determined by TouchStone. .

~In TouchStone the scattering parameters of the equiv--
alent circuit are matched to the Fourier-transformed time
domain results for the frequencies ranging from 0.48 GHz
to 20 GHz. The element values to achieve this fit are: C;

= 0.119 pF, C, = 0.075 pF, L, = 047 nH, L, =
0.062 nH. The magnitudes of the scattering parameters of
the equivalent circuit are plotted in Fig. 8 along with the

scattering parameters obtained using FDTD and TLM.
TouchStone matches S;; well in the middle of the 0.48 to
20 GHz spectrum, but some error arises at the low and
high end of that frequency spectrum. S, is well-matched
throughout the spectrum.

The final step is to place the equivalent circuit model
into the time domain transmission line simulator
MTLTDA [3]. At 35.3 GHz, the side walls and ground
planes in the TLM simulation form a waveguide which
supports a TE;, mode. Even though the Gaussian pulse
has a 3 dB frequency of 20 GHz, there is still a consid-
erable amount of power in the pulse above 35.3 GHz. The
equivalent circuit does not take into account the excitation
of the waveguide mode, and the Gaussian waveform is
approximated by a trapezoidal pulse in MTLTDA so a
direct comparison between the two waveforms does show
some differences. However, by passing the time-domain
waveforms through a Hanning low-pass filter to remove
the frequency components above 20 GHz, the equivalence
of the time-domain voltage response becomes apparent as
shown in Fig. 10 where the filtered TLM waveforms of
Fig. 7 are compared to the filtered waveforms from
MTLTDA. ‘

C. Cylindrical Via Results

An equivalent circuit model of a cylindrical via discon-
tinuity is obtained using the same procedures as for the
rectangular via; however, due to the complicated geom-
etry, the nonorthogonal FDTD technique [5], [6] is em-
ployed to perform the time-domain analysis. In this sec-
tion, the results of the nonorthogonal FDTD computations
will be compared with a conventional FDTD analysis [2]
and measurements taken from Maeda er al. [15]. An
equivalent circuit of the via extracted from the scattering
parameters will be given.

The cylindrical via d1scont1nu1ty [15] is shown in
Fig. 11. The via diameter is 0.7 mm, its length is 3.2 mm,
the pad diameter is 3.9 mm, and the width of the con-
necting microstrip is 3.3 mm. The dielectric slab is
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Fig. 10. The time domain TLM and MTLTDA circuit waveforms at the
input and output ports after being filtered by a Hanning window with a 20
GHz cutoff frequency.
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Fig. 11. The geometry of the cylindrical via discontinuity.

3.2 mm thick, and its permittivity is 3.4. The ground
plane, which is in the center of the slab, has a circular
cutout of 3.9 mm in diameter for the via.

The cylindrical via is discretized with a nonorthogonal
grid, providing a piecewise linear model of the entire
structure. The via was enclosed in a rectangular box with
two perfectly conducting (pec) side walls, one pec top and
bottom wall and first-order Mur absorbing boundary con-
ditions for the end walls [11]. The absorbing walls were
at the near- and far-end of the discontinuity, respectively.
The enclosure was 42.04 mm in length by 19.5 mm in
width by 16 mm in height. This region was discretized
with 8000 nonorthogonal FDTD cells, providing a mesh
density of 10 cells per wavelength at 13-14 GHz. For the
conventional FDTD calculations, the region was discre-
tized with an orthogonal mesh consisting of 16 470 unit
cells with cross-sections of 0.7 X 0.7 mm?. For both
grids, four cell layers were employed in the dielectric and
three layers in each air region above and below the di-
electric. A Gaussian pulse with a quasi-TEM modal spa-
tial distribution was used as the excitation.

The scattering parameters were computed from the
FDTD results using the FFT and compared with mea-
surements from [15]. Figs. 12 and 13 show agreement
between the computations and the measurements up to
7-8 GHz. The nonorthogonal results are either closer to
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Fig. 13. A comparison of the magnitude of S,, computed with the non-
orthogonal FDTD time-domain waveforms to the measurements of
S, [15].

the measurements than the conventional FDTD results or
just as good, indicating that the nonorthogonal method—
which is based on a grid of 8000 cells—is as accurate as
the conventional technique based on a mesh of 16 470
cells: This result shows that the nonorthogonal FDTD
technique can model the via as well as the conventional
FDTD method with approximately 50% fewer unit cells.
The savings in number of cells for a particular problem
will depend upon the geometry and required frequency
bandwidth. Although not shown here, experiments with
other nonorthogonal geometries and an error analysis have
shown that the reduction in number of cells relative to the
conventional FDTD can be much greater for some prob-
lems [16]. v
The discrepancies between the computed values and the
measurements are attributable to two major factors other
than the errors in reading the measured results from [15].
One is that the discretizations for both finite-difference
meshes become more inaccurate for the higher frequen-
cies because the cell sizes are no longer sufficiently small
in comparison with the wavelengths at these frequencies.
For this structure, a mesh density of up to 20 or more cells
per wavelength of the highest frequency component may
be necessary to obtain accurate results over the entire fre-
quency band. The other error stems from the use of pec
side, top and bottom walls to truncate both meshes, cre-
ating an artificial waveguide surrounding the via which is

originally in an open region. The cutoff wavelength of the
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Ly Li Lz Lo L,

Fig. 14. An equivalent circuit of the cylindrical via discontinujty. The
transmission lines have an impedance of 55 ohms, and a effective dielectric
constant of 2.76. L; = 369.7 pH, L, = 5.915 pH, L, = 723.17pH, C, =
.25283 pF, C, = 0.00118 pF and C; = 0.3393 pF.

waveguide structure is within the computed frequency
range of the via scattering parameters, and the excited
modes of the waveguide distort the scattering parameters
of the via. In a further study of this problem, the side, top
"and bottom conducting walls were replaced by first-order
Mur absorbing boundary conditions which resulted in im-
provements in S,; over the entire frequency range shown.
The form of the numerical results for S;; improved, but
the low-frequency level became worse for the nonorthog-
onal analysis. A suitable absorbing boundary condition
compatible with the nonorthogonal grid and useful for
guided wave problems needs to be implemented.

The equivalent circuit of the cylindrical via disconti-
nuity shown in Fig. 14 was developed from the scattering
parameter results obtained from the nonorthogonal FDTD
analysis by using the same procedure given for the rect-
angular via. The equivalent circuit consists of ideal trans-
mission lines for modeling the microstrip lines and a
lumped L-C network for modeling the pads and via. This
circuit model accurately reproduces the scattering param-
eter results from the nonorthogonal FDTD analysis up to
approximately 6 GHz, as shown in Figs. 12 and 13.

IV. CONCLUSIONS
A methodology for determining equivalent circuits of

the various components of a computer package intercon-

nect has been demonstrated. The equivalent circuits are
suitable for use in circuit simulators or transmission line
simulators. The numerous transmission lines and discon-
tinuities that make up an interconnect path may be in-
cluded in a circuit model to determine the congregate de-
lays and reflections that exist on the interconnect when
used in a computer circuit with nonlinear drivers and re-
ceivers. The described approach is general in that it can
be applied to transmission lines or discontinuities with
complex geometric descriptions including many com-
monly found in multichip computer packages.

To accurately model the curved geometry, the nonor-
thogonal FDTD algorithm was employed instead of the
conventional FDTD method because it provides a piece-
wise linear model of curved surfaces, and with the vari-
able mesh density it can represent complicated structures
without an excessive number of unknowns.

APPENDIX

In order to determine the characteristic impedance, Z;,
. and the propagation constant, 3, of a uniform transmis-
sion line such as the stripline or microstrip line, it is im-
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portant to either minimize the effect of the terminating
boundary or quantify the effect so the reflection can be
removed. The method used in this paper is to start with
(1) as a model for the propagation of the voltage or current
along the transmission line which includes the reflection
from the far boundary. Equation (1) assumes a single
steady-state sine wave exists on the line. Taking the real
part of the right-hand side of (1) leads to

f(z, k) = |A]| cos (wkAt — Bz + ¢,)
+ |AT'| cos (wkAt + Bz + ¢y)
A = |Ale’
T = [T|e/® . (Al)

Then multiplying both sides by sin (wr)dr and cos (wr)dt
and integrating over the N + 1 samples of the FDTD run
spanning the time [0, T'], gives for the left-hand side of

(A1)
T sin (wf)
! S f(z, k) dt
0 cos (wi)
N in (wkA
kgof(z, " {sm (wkAY) %

cos (wkAf)
by the trapezoidal rule of integration. The right-hand side
of (A1) after using trigonometeric identities is

R.H.S. = cos (B2)[|A4] cos (¢,)

T .
+ AT cos (6] S {sm (w) cos (wt)} i

L.H.S.

(A2)

0 { cos?® (wf)
+ sin (Bz) [|4] sin (¢y)
T {sin (wb) cos (wh)

|AT | sin (¢2)] S dr

0 ( cos? (wp)

N ,

sin (8z) [|A| cos (¢y)

T {sin2 (wf) }
|AT | cos (¢2)] S dt

0 { sin{(wf) cos (wif)

I

+

cos (B2) [~ |A| sin (¢))
. T ("sin® (wr)
|AT | sin ()] S dt

0 (_sin (wf) cos (wf)

(A3)

Equations (A2) and (A3) are evaluated twice at each mea-
surement point, first with the upper terms in the { } brack-
ets and then with the bottom terms. To simplify the no-
tation, let

T
T 1
a= S cos? (wf) df = — + — sin QwT)  (A4)
0 2 4w
T 1
b= S cos (wf) sin (wf) df = — sin® (@T)  (A5)
0 - 2w
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! T 1
c = S sin? (wf) dt = = — — sin QuwT).  (A6)
0

2 4w
The problem can now be written as a matrix equation
of the form A(B) - x = b where x is a 4 X 1 vector which
includes four of the unknowns (4], |T'|, ¢;, and ¢,),

|A]| cos (¢1) + |AT'| cos (¢,)

A i - AP i o)

‘= | A| sin (¢1) — |AT'| sin (¢,) (A7)
| A| cos (¢1) — |AT'| cos (¢,)
— |A] sin (¢)) — |AT'| sin (¢,)

and the fifth unknown, @, is included in the matrix A
where p is the number of measurement points in the FDTD
run.

A is a2p X 4 matrix,

and bis a 2p X 1 vector,

[~ 7]

glo F(z1, k) cos wkAf) At
N

1230 F(zy, k) sin (wkAr) At

(A9)

M=

) 0f (2, k) cos (wkAr) At

il

M=

P 0f (zp, k) sin (wkAD) Ar . J

Since the amplitude and phase of the sine wave com-
ponent is already known from the FDTD run, the integral
in (A2) may be solved analytically

T {Sin (wp) }
g f (zta k) dt
0 cos (wri)

B {b cos (6,) + a sin (0,)}
"~ L ccos (8) + bsin (8)

where a, b, and c are (A4), (AS), and (A6), respectively.
Furthermore, since steady-state has been reached the re-
sults are just as valid if the FDTD time sample covers an
integer number of periods of the sinusoidal waveform. In
that case, .

(A10)

T
a=c=5;b=0 (A1D)

[ a cos (Bz;) asin (Bz;) b sin (Bz;) b cos (8z) ]
b cos (Bz;) b sin (Bz) csin(Bz) ¢ cos (Bzy)

a cos "(sz) a sin (Bz,) b sin (Bz,) b cos (Bz,)
| b cos (Bz,) bsin(Bz,) csin(Bz,) ccos (Bz,)
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and the matrix equation (A(8) - x = b) to solve reduces
to

’ [ cos (Bz;) sin (Bzy) 0 0 T
0 0 sin (Bz;) cos (Bzy)
: : : : X
cos (Bz,) sin (Bz,) 0 0
0 0 sin (8z,) cos (Bz,)_
[~ W, sin (6)) |
W, cos (8))
= (A12)
W, sin (6,)
| W, cos (6,) _|
(A8)
where x is (A7) and W,, i = [1,2, * - -, p], is the am-
plitude of the sine wave with relative phase 6,. The error
error = [|[Ax — bl (A13)

is minimized, where |||, is the vector 2-norm.

The space variable z,, { = [1,2, - -+, p ], denotes the
discrete points along the line where the voltage or current
is monitored. Since 3 appears in the matrix A, the prob-
lem is nonlinear. The method chosen to solve this system
of equations was an iterative process where an initial 3 is
chosen, and the vector, x, is determined using the linear
least squares method. The downhill simplex method of
Nelder and Mead [17] yields an updated estimate of .
These two steps are repeated until the error criterion (A13)

 is minimized.

Once the error is minimized, the iterative procedure is
terminated and £ is known from the final value chosen in
the iterative loop. The other four unknowns are deter-
mined by the manipulation of the final x vector:

1 0 1 0 |4] cos (¢)
| to0 =10 | AT cos (@)
YTl 21 0 -1 |AT'| sin ()
0 1 0 -1 |4] sin (¢))
(A14)
4] = Vy(1)* + y@y, (15)
vy + y3’
| = 22 X (16)

|| ’
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R 6 C))
b1 = n =<y(1)>’

S )]
#2 = tan <y(2>>'

This procedure is extended to multiple frequencies by
exciting the FDTD mesh with a pulse containing a band
of frequencies, such as a Gaussian pulse. The amplitude,
W;, and phase 8;, for a particular frequency are obtained
at each monitoring point z;, along the transmission line by
a Fourier transformation. The above minimization pro-
cedure is then applied at each frequency and the frequency
variation 'of the characteristic impedance and effective
dielectric constant is obtained using (2) and (3). \

«(17)
and

(18)
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